Progression Towards a Written Method for Addition

In developing a written method for addition, it is important that children understand the concept of
addition, in that it is:

e Combining two or more groups to give a total or sum

¢ Increasing an amount

They also need to understand and work with certain principles, i.e. that it is:
e the inverse of subtraction

e commutative ie.5+3=3+5

e associativei.e.5+3+7=5+3+7)

The fact that it is commutative and associative means that calculations can be rearranged, e.g.
4+ 13=17isthesameas |3 +4=17.
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Early Learning Goal:
Using quantities and objects, children add two single-digit numbers and count on to find the
answer.
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By touch counting and dragging in this way, it allows children to keep track of what they have already
counted to ensure they don’t count the same item twice.

at a time whilst counting.




Counting on method

To support children in moving from a counting all strategy to one involving counting on, children should
still have two groups of objects but one should be covered so that it cannot be counted. For example,
when calculating 4 + 2, count out the two groups of counters as before.

then cover up the larger group with a cloth.
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and touch count 5 and 6 in the
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End of Year Objective:
Add one-digit and two-digit numbers to 20, including zero (using concrete objects and
pictorial representations).

to find the total by

ue, they will move on to
ens and ones.

rod and a one.

Children will continue to
counting all or counting on.
be able to use Base |10 equipme
For example, when adding | | and

The ones can then be combined to aid with seeing the final total, e.g.

so || +5=16. If possible, they should use two different colours of base 10 equipment so that the
initial amounts can still be seen.

All of this learning will be underpinned with frequent referral to number lines and other use of
incremental measures (e.g. thermometers)




Y2

End of Year Objective:

Add numbers using concrete objects, pictorial representations, and mentally, including:
a two-digit number and ones; a two-digit number and tens; two two-digit numbers;
three one-digit numbers.

Children will continue to use the Base 10 equipment to support their calculations. For example, to
calculate 32 + 21, they can make the individual amounts, counting the tens first and then count on the
ones.
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Children can also record the calculations using their own drawings of the Base 10 equipment (as slanted
lines for the 10 rods and dots for the one blocks).
eg 34+23=
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With exchange:
eg 28+ 36 = exchanged 10
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so 28 + 36 = 64
after exchange to identify the
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amount remaining.
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+ 217 using a square as the

Y3

End of Year Objective:
Add numbers with up to three digits, using formal written method of columnar
addition.*

*Although the objective suggests tha methods, the National Curriculum
document states “The programmes of stu t year-by-year for key stages | and 2.
Schools are, however, only required to teach the relevafit programme of study by the end of the key stage.
Within each key stage, schools therefore have the flexibility to introduce content earlier or later than set out in

the programme of study.” p4

It is more beneficial for children’s understanding to go through the expanded methods of calculation as steps of
development towards a formal written method.

Children will build on their knowledge of using Base 10 equipment from Y2 and continue to use the idea
of exchange.

Children should add the least significant digits first (i.e. start with the ones/ones), and in an identical
method to that from year 2, should identify whether there are greater than ten ones which can be
exchanged for one ten.




They can use a place value grid to begin to set the calculation out vertically and to support their
knowledge of exchange between columns (as in Step | in the diagram below). e.g. 65 + 27
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Children should utilise this practical method to link their understanding of exchange to how the column
method is set out. Teachers should model the written method alongside this practical method initially.
This should progress to children utilising the written and practical methods alongside each other and
finally, and when they are ready, to children utilising just the written method.

By the end of year 3, children should also extend this method for three digit numbers.

Y4

End of Year Objective:
Add numbers with up to 4 digits and decimals with one decimal place using the formal
written method of columnar addition where appropriate.

Children will move to year 4 using whichever method_ghey were using as they transitioned from year 3.
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By the end of year 4, children should be using the written method confidently and with understanding.
They will also be adding:

e several numbers with different numbers of digits, understanding the place value;
e decimals with one decimal place, knowing that the decimal points line up under one another.




Y5

End of Year Objective:
Add whole numbers with more than 4 digits and decimals with two decimal places,
including formal written methods (columnar addition).

Children should continue to use the carrying method to solve calculations such as:
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End of Year Objective:
Add whole numbers and decimals using formal written methods (columnar addition).
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They will also be adding:

e several numbers with different numbers of digits, understanding the place value;

e decimals with up to two decimal places (with mixed numbers of decimal places), knowing that the decimal
points line up under one another.

e amounts of money and measures, including those where they have to initially convert from one one
to another.




Progression Towards a Written Method for Subtraction

In developing a written method for subtraction, it is important that children understand the concept of
subtraction, in that it is:

e Removal of an amount from a larger group (take away)

e Comparison of two amounts (difference)

They also need to understand and work with certain principles, i.e. that it is:
e the inverse of addition

e not commutative i.e. 5 - 3 is not the same as 3 - 5

¢ not associative i.e. 10 - 3 - 2 is not the same as 10 - (3 - 2)

YR

Early Learning Goal:
Using quantities and objects, children subtract two single-digit numbers and count on or back
to find the answer.

Children are encouraged to develop an
calculation. They should experience
equipment, including small world p

2r system in their heads to use for
ties using a wide variety of practical

Taking away
Children will begin to develop thej
number and then remove or tak
are left e.g. 9 — 4.

equipment to count out the first
he solution by counting how many

For illustration purposes, the * Children would be

encouraged to physically rem

By touch counting and dragging in this way, it allows children to keep track of how many they are
removing so they don’t have to keep recounting. They will then touch count the amount that are left to
find the answer.

All of this learning will be underpinned with frequent referral to number lines and other use of
incremental measures (e.g. thermometers)

Those who are ready may record their own calculations.




Yl

End of Year Objective:
Subtract one-digit and two-digit numbers to 20, including zero (using concrete objects and
pictorial representations).

Children will continue to use practical equipment and taking away strategies. To avoid the need to
exchange for subtraction at this stage, it is advisable to continue to use equipment such as counters,
cubes and the ones from the Base 10 equipment, but not the tens, e.g. |13 - 4

AN/

Touch count to find the number

End of Year Objective:
Subtract numbers using concrete objects, pictorial representations, and mentally,
including: a two-digit number and ones; a two-digit number and tens; two two-digit

numbers.
* J

Children will begin to use the Base |10 equipment to support their calculations, still using a take away, or

removal, method. They need to understand that the number being subtracted does not appear as an
amount on its own, but rather as part of the larger amount. For example, to calculate 54 - 23, children
would count out 54 using the Base 10 equipment (5 tens and 4 ones). They need to consider whether

there are enough ones/ones to remove 3, in this case there are, so they would remove 3 ones and then

two tens, counting up the answer of 3 tens and | one to give 31.

7

which leaves so 54 — 23 =3I
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Children can also record the calculations using their own drawings of the Base 10 equipment (as slanted
lines for the 10 rods and dots for the one blocks), e.g. to calculate 39 — |7 children would draw 39 as 3
tens (lines) and 4 ones (dots) and would cross out 7 ones and then one ten, counting up the answer of 2

tens and 2 ones to give 22.
.x
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Circling the tens and ones that remain will help children to identify how many remain.

When the amount of ones to be subtracted is greater than the ones in the original number, an exchange
method is required. This relies on children’s under: ing of ten ones being an equivalent amount to
one ten. To calculate 53 — 26, by using i would count out 53 using the tens and
ones, as in Step |. They need to conside ugh ones/ones to remove 6. In this
case there are not so they need to exchange a apes to make sure that there are enough, as
in step 2.

Step

[(ITTTTTTTITT] =

LTI TTTTTTI

[(TTTTTTTTT]

The children can now see the 53
different way, as in step 3 and can < he calculation to leave 27 remaining,
as in Step 4.
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When recording their own drawings, when calculating 37 — 19, children would cross out a ten and
exchange for ten ones. Drawing them in a vertical line, as in Step 2, ensures that children create ten
ones and do not get them confused with the ones that were already in place.
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Circling the tens and ones that remain will help children to identify how many remain.

Y3

End of Year Objective:
Subtract numbers with up to three digits, using formal written method of columnar
subtraction.*

*Although the objective suggests that children should be using formal written methods, the National Curriculum
document states “The programmes of study for mathematics are set out year-by-year for key stages | and 2.
Schools are, however, only required to teach the relevant programme of study by the end of the key stage.
Within each key stage, schools therefore have the flexibility to introduce content earlier or later than set out in
the programme of study.” p4

It is more beneficial for children’s understanding to go through the expanded methods of calculation as steps of
development towards a formal written met

Children will build on their knowledge of using ent from Y2 and continue to use the idea
of exchange. This process should be demo rds to show the partitioning and Base
|0 materials to represent the first nu tens as appropriate (as with the
more informal method in Y2).
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Emphasise that the second
(bottom) number is being
subtracted from the first
(top) number rather than
the lesser number from the
greater.
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30

9>
7>
2

This will be recorded by the children as:

80 > 9
-5 2> 7
30 > 2 = 32




Children can also use jottings of the Base |10 materials (as in Year 2) to support with their calculation, as
in the example below.

/////// X

80 2> 9
-5 2> 7
30 > 2 = 32

From this the children will begin to solve problems which involve exchange. Children need to consider
whether there are enough ones/ones to remove 6. In this case there are not (Step |) so they need to
exchange a ten into ten ones to make sure that there are enough, as they have been doing in the
method for Year 2 (Step 2). They shoul number is just partitioned in a different
way, but the amount remains the same (

Step |

9
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70 >
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Step 3

This will be recorded by the children as:

60

70 >
- 40 > 6
20 > 5 = 25

By the end of year 3, children should also extend this method for three digit numbers.




Y4

End of Year Objective:
Subtract numbers with up to 4 digits and decimals with one decimal place using the
formal written method of columnar subtraction where appropriate.

Children will move to Y4 using whichever method they were using as they transitioned from Y3.

Step | Step 2 (exchanging from tens to ones)
40
700 > 50 > 4 700 >.50 > '4
- 200 > 80 > 6 - 200 > 80 > 6
Step 3 (exchanging from hundreds to tem
600 140 600 140
/760 9/5@ > 4 \ 9/56 > 4
- 200 > 80 > 6 80 > 6
60 > 8 = 468

This would be recorded by the ¢

600 140
700 >_50 > '4
- 200 > 8 > 6
40 > 60 > 8

lecomposition:

By the end of Y4, children should be using the written method confidently and with understanding.
They will also be subtracting:

e numbers with different numbers of digits, understanding the place value;
e decimals with one decimal place, knowing that the decimal points line up under one another.




Y5

End of Year Objective:
Subtract whole numbers with more than 4 digits and decimals with two decimal places,
including formal written methods (columnar subtraction).

Children should continue to use the decomposition method to solve calculations such as:
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They will also be subtracting: W

e numbers with different numbers of digits, u place value;

e decimals with up to two decimal places (wj same number of decimal places),
knowing that the decimal points line

e amounts of money and measures
to another

to initially convert from one one
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End of Year Objective:
Subtract whole numbers and decimals using formal written methods (columnar subtraction).

Children should extend the deco
with any number of digits.

btract whole numbers and decimals

.

> 3 é ! When subtracting decimals with
| | |
/2%; 83 ? A :L/Z /; }'\ different numbers of decimal places,
- 7 5 | - 5 : YRR 4 children should be taught and
3 8 : ﬂ encouraged to make them the same

through identification that 2 tenths is
w— the same as 20 hundredths, therefore,
0.2 is the same value as 0.20.

They will also be subtracting:

e numbers with different numbers of digits, understanding the place value;

e decimals with up to two decimal places (with mixed numbers of decimal places), knowing that the decimal
points line up under one another.

e amounts of money and measures, including those where they have to initially convert from one one
to another.




Progression Towards a Written Method for Multiplication

In developing a written method for multiplication, it is important that children understand the concept
of multiplication, in that it is:
e repeated addition

They should also be familiar with the fact that it can be represented as an array

They also need to understand and work with certain principles, i.e. that it is:
e the inverse of division

e commutative i.e. 5 x 3 is the same as 3 x 5

e associative i.e. 2 x 3 x 5 is the same as 2 x (3 x 5)
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Early Learning Goal:
Children solve problems, including doubling.
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End of Year Objective:
Solve one-step problems involving multiplication by calculating the answer using
concrete objects, pictorial representations and arrays with the support of the teacher.

In year one, children will continue to solve multiplication problems using practical equipment and
jottings. They may use the equipment to make groups of objects. Children should see everyday
versions of arrays, e.g. egg boxes, baking trays, ice cube trays, wrapping paper etc and use this in their




learning, answering questions such as 'How many eggs would we need to fill the egg box!? How do you
know?'

Y2

End of Year Objective:
Calculate mathematical statements for multiplication (using repeated addition) and
write them using the multiplication (x) and equals (=) signs.

Children should understand and be able to calculate multiplication as repeated addition, supported by
the use of practical apparatus such as counters or cubes. e.g.

5 x 3 can be shown as five groups of three with counters, either grouped in a random pattern, as below:

Q0 O Oo 00
O~ 09 O >

or in a more ordered pattern, with the group by the border outline:

OO J O K [ XL OO OO0

S " .
Children should then develop thi > , ion calculations can be
represented by an array, (this kng 10X ‘.&- S dSVETSRIment of the grid method in the
future). Again, children should ped to use e atus and jottings to support their
understanding, e.g. Sl

5 x 3* can be represented as an a

OO0
o] ¢
@Jele
OO0
OOO] 5+5+5=15

3+3+3+3+3=15

*For mathematical accuracy 5 x 3 is represented by the second example above, rather than the first as it
is five, three times. However, because we use terms such as 'groups of or 'lots of', children are more
familiar with the initial notation. Once children understand the commutative order of multiplication the
order is irrelevant).

Y3

End of Year Objective:

Write and calculate mathematical statements for multiplication using the
multiplication tables that they know, including for two-digit numbers times one-digit
numbers, progressing to formal written methods.*




*Although the objective suggests that children should be using formal written methods, the National Curriculum
document states “The programmes of study for mathematics are set out year-by-year for key stages | and 2.
Schools are, however, only required to teach the relevant programme of study by the end of the key stage.
Within each key stage, schools therefore have the flexibility to introduce content earlier or later than set out in
the programme of study.” p4

It is more beneficial for children’s understanding to go through the expanded methods of calculation as steps of
development towards a formal written method.

Initially, children will continue to use arrays where appropriate linked to the multiplication tables that
they know (2, 3, 4, 5,8 and 10), e.g.

3x8

They may show this using practical equipment:

knowledge of partitioning
calculating 14 x 6, childre
columns and the other four.

00000000002 0000
OOO00000000 i OOV
OOOO0O00O0000 i VOOV
00000000002 N0 00
OOO0O0OOO0000 : OOOO

Partitioning in this way, allows children to identifyzthat the first array shows 10 x 6 and the second array
shows 4 x 6. These can then be added to calculate the answer:

(6 x 10) + (6 x 4)

NB There is no requirement for children to record in this way, but it
could be used as a jotting to support development if needed.




=60 + 24
= 84

This method is the precursor step to the grid method. Using a two-digit by single digit array, they can
partition as above, identifying the number of rows and the number of columns each side of the partition
line.

10 : 4
olool0000000 000
0000000000000,
. OO000000OOOZHDO
000000 c 0000000
0000000000 0000
OOOQOQOQG@QmOQ

By placing a box around the array, as removing the array, the grid method
can be seen.
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ation statements as arrays
e written method of recording.

It is really important that childregi§e anfident with representin
and understand the rows and columMms'strt before t

From this, children can use the grid method to cal@llate two-digit by one-digit multiplication
calculations, initially with two digit numbers less than 20. Children should be encouraged to set out
their addition in a column at the side to ensure the place value is maintained. When children are
working with numbers where they can confidently and correctly calculate the addition mentally, they
may do so.

13x8

80




+ 24
8 80 24 ™

When children are ready, they can then progress to using this method with other two-digit numbers.

37x6
X 30 7 180
+ 42
6 180 42 27

Children should also be using this method to solve problems and multiply numbers in the context of
money or measures.

End of Year Objective:
Multiply two-digit and three-digit numbers by a one-digit number using formal written
layout.

Children will move to Y4 using wh
will further develop their knowle
number, e.g.

ey transitioned from Y3. They
two-digit by any single-digit

79 x 8

X

8
To support the grid method, gchildren shatld : i lace value and facts that
are linked to their knowl . fexar hildren should use their

By the end of the year, they will ic use of the

numbers by a single digit number, e.g"

e able to multiply three-digit

346 x 8
2400
x 300 40 6 . 390
48
8 2400 | 320 48 7es

When children are working with numbers where they can confidently and correctly calculate the
addition (or parts of the addition) mentally, they may do so.

Children should also be using this method to solve problems and multiply numbers in the context of
money or measures.

Y5




End of Year Objective:
Multiply numbers up to 4 digits by a one- or two-digit number using a formal written
method, including long multiplication for two-digit numbers.

Children should continue to use the grid method and extend it to multiplying numbers with up to four
digits by a single digit number, e.g.

4346 x 8
32000
X 4 000 300 40 6 + 2400
+ 320
8 32 000 2400 320 48 + 48

F ' 34768

and numbers with up to four digits by a two-dig
2693 x 24

40000
8000
12000
2400
1800
360
60

12
64632

+ + + + + + +

When children are working
addition (or parts of the

rectly calculate the
Children should also be usin umbers in the context of
money or measures.

Once confident the children can move on to use lication method which is the expectation for
year 6.




Y6

End of Year Objective:
Multiply multi-digit numbers up to 4 digits by a two-digit whole number using the
formal written method of long multiplication.

Multiply one-digit numbers with up to two decimal places by whole numbers.

In year 6 the children will be taught how to use the column method for multiplication. E.g. 391 x39.

Ox1=9

Ix9=81
(put the 1 down; carry
by 1 Q the 8)

Ox3=27
18] { 27 + (carried) 8 = 35

N/

3x1=3
3x9=27 (put the 7 down
and carry the 2)
3x3=9 (plus the 2
which makes 11)

Last of ali, we add

the results of our
caiculations to get the

answer

3519 + 11730 = 15249

use it with decimal points.
e and the children
Id be placed in the same

Once the children are confi
The column should alway:
should be reminded that the
column as the original questi

out with




Progression Towards a Written Method for Division

In developing a written method for division, it is important that children understand the concept of
division, in that it is:

e repeated subtraction

e sharing into equal amounts

They also need to understand and work with certain principles, i.e. that it is:
e the inverse of multiplication

e not commutative i.e. 15 +3 is not the same as 3 + |5

e not associative i.e. 30 + (5 + 2) is not the same as (30 + 5) + 2

YR

Early Learning Goal:
Children solve problems, including halving and sharing.

Children are encouraged to develop a mental mber system in their heads to use for
calculation. They should experience pracs ities using a wide variety of

Children may also investigate shagiiSHiEe g nte using items such as egg boxes,

A

A child’s jotting showing
halving six spots between
two sides of a ladybird.

A child’s jotting showing how they

shared the apples at snack time \ 7
between two groups. \

End of Year Objective:
Solve one-step problems involving division by calculating the answer using concrete
objects, pictorial representations and arrays with the support of the teacher.

In year one, children will continue to solve division problems using practical equipment and jottings.
They should use the equipment to share objects and separate them into groups, answering questions
such as 'lf we share these six apples between the three of you, how many will you each have? How do




you know?' or ‘If six football stickers are shared between two people, how many do they each get?
They may solve both of these types of question by using a 'one for you, one for me' strategy until all of

the objects have been given out.

Children should be introduced to the concept of simple remainders in their calculations at this practical

stage, being able to identify that the groups are not equal and should refer to the remainder as °... left
over’.
Y—z ‘ —

End of Year Objective:
Calculate mathematical statements for division within the multiplication tables and

write them using the division (+) and equals (=) signs.

Chlldren will utilise practlcal equ ations as grouping (repeated

12+3=

0000

I3 + 4 =3 remainder |

Children need to be able to make decisions about what to do with remainders after division and round
up or down accordingly. In the calculation |3 + 4, the answer is 3 remainder |, but whether the answer
should be rounded up to 4 or rounded down to 3 depends on the context, as in the examples below:

| have £13. Books are £4 each. How many can | buy?
Answer: 3 (the remaining £1 is not enough to buy another book)

Apples are packed into boxes of 4. There are |3 apples. How many boxes are needed?
Answer: 4 (the remaining | apple still needs to be placed into a box)




Y3

End of Year Objective:

Write and calculate mathematical statements for division using the multiplication
tables that they know, including for two-digit numbers divided by one-digit numbers,
progressing to formal written methods.*

*Although the objective suggests that children should be using formal written methods, the National Curriculum
document states “The programmes of study for mathematics are set out year-by-year for key stages | and 2.
Schools are, however, only required to teach the relevant programme of study by the end of the key stage.
Within each key stage, schools therefore have the flexibility to introduce content earlier or later than set out in
the programme of study.” p4

It is more beneficial for children’s understanding to go through the expanded methods of calculation as steps of
development towards a formal written method.

Initially, children will continue to use divi
appropriate linked to the multiplication tables ths

g those with remainders), where
,3,4,5 8and 10), eg.

43+8=

43 + 8 = 5 remainder 3

In preparation for developing t dren should first use the repeated
subtraction on a vertical number TiEs > tical equipment. There are two
stages to this:

Stage | — repeatedly subtracting i
Stage 2 — subtracting multiples of
and other multiples in li

After each group has bee der how ma eft to enable them to

identify the amount remainin




Stage | Stage 2
56 + 4 = 14 (groups of 4) 56 + 4 = |0(groups of 4) + 2(groups of 4) + 2(groups of 4)
= 14(groups of 4)

-56 CIT0D ~56

10 groups

- 0 G353

Children should be able to solve
need to be able to make decisio
down accordingly.

after division and round up or

N

Y4

End of Year Objective:
Divide numbers up to 3 digits by a one-digit number using the formal written method of short
division and interpret remainders appropriately for the context.

Children will continue to develop their use of gro@iping (repeated subtraction) to be able to subtract
multiples of the divisor, moving on to the use of the 'chunking' method.

"56
4 ) 56 Children should write their
- 40 answer above the calculation to
16 make it easy for them and the
10 groups - 16 teacher to distinguish.
0

V

Answer: |14

|6 The number line method used in year 3 can be linked to the
4 groups chunking method to enable children to make links in their
-0  understanding.




When developing their understanding of ‘chunking’, children should utilise a ‘key facts’ box, as shown
below. This enables an efficient recall of tables facts and will help them in identifying the largest group
they can subtract in one chunk. Any remainders should be shown as integers, e.g.

73 =3
24r| Key facts box

[x 3

2x 6

5x 15

10x 30
By the end of year 4, children should be ‘mmethod to divide a three digit number
by a single digit number. To make this method igms, the key facts in the menu box should be

extended to include 4x and 20x, e.g.

196 +~ 6

down accordingly.

Y5

End of Year Objective:
Divide numbers up to 4 digits by a one-digit number using the formal written method

of short division and interpret remainders appropriately for the context.

Children may continue to use the key facts box for as long as they find it useful. Using their knowledge
of linked tables facts, children should be encouraged to use higher multiples of the divisor. Any
remainders should be shown as integers, e.g.

523+ 8
65r3
85523
- 320

-_160




By the end of year 5, children should be able to use the chunking method to divide a four digit number
by a single digit number. If children still need to use the key facts box, it can be extended to include
1 00x.

2458 =7

351rl
7 5 2458
- 2100
358
-__350
8
- 7

with money and measures. They
ainders after division and round up or

Children should be able to solve real life
need to be able to make decisions about what
down accordingly.

Y6

End of Year Objective:
Divide numbers up to 4 digits by a two-digit number using the formal written method
of short division where appropriate, interpreting remainders according to the context.

Use written division methods in cases where the answer has up to two decimal places.

The bus stop method can also be two-digit numbers:

547 =23 =

2 3 r18
235 4 %

547 +23=23r18

Start by working out how many times 23 times table (usually up to 5/6 times)

Then using that information decide how many times 23 will go into 54.

It goes in twice, so put 2 above the 4.

There is a remainder of 8, which is put next to the 7.

Now think about how many times 23 goes into 87.

It goes in 3 times with a remainder of |8, so put 3 over the 7 and then the remainder 18 at the end.
The bus stop method is a very quick and efficient technique for working out division with larger number.




